Circuit design for multi-body interactions in superconducting quantum
  annealing system with applications to a scalable architecture by Chancellor, Nicholas et al.
Circuit design for multi-body interactions in superconducting quantum annealing
systems with applications to a scalable architecture
N. Chancellor†,1,?, S. Zohren†,2 and P. A. Warburton1,3
1London Centre for Nanotechnology 19 Gordon St, London, UK
2 Department of Materials and Department of Engineering Science,
University of Oxford, Parks Road, Oxford, UK
3Department of Electronic and Electrical Engineering,
UCL, Torrington Place, London, UK
? Current Affiliation: Department of Physics,
Durham University, South Road, Durham, UK
†Authors contributed equally.
(Dated: September 12, 2018)
PACS numbers:
Quantum annealing provides a way of solving
optimization problems by encoding them as Ising
spin models which are implemented using physi-
cal qubits. The solution of the optimization prob-
lem then corresponds to the ground state of the
system. Quantum tunnelling is harnessed to en-
able the system to move to the ground state in
a potentially highly non-convex energy landscape.
A major difficulty in encoding optimization prob-
lems in physical quantum annealing devices is the
fact that many real world optimization problems
require interactions of higher connectivity as well
as multi-body terms beyond the limitations of the
physical hardware. In this work we address the
question of how to implement multi-body interac-
tions using hardware which natively only provides
two-body interactions. The main result is an effi-
cient circuit design of such multi-body terms us-
ing superconducting flux qubits in which effective
N-body interactions are implemented using N an-
cilla qubits and only two inductive couplers. It is
then shown how this circuit can be used as the
unit cell of a scalable architecture by applying it
to a recently proposed embedding technique for
constructing an architecture of logical qubits with
arbitrary connectivity using physical qubits which
have nearest-neighbor four-body interactions. It
is further shown that this design is robust to non-
linear effects in the coupling loops as well as mis-
matches in some of the circuit parameters.
INTRODUCTION
Solving machine learning and optimization problems
by casting them as an Ising spin glass and then using
a physical device to take advantage of quantum fluctua-
tions has been a subject of much recent interest [1–11].
This interest is due in a large part to demonstration of the
underlying principles of quantum annealing in condensed
matter systems [12] and the more recent development of a
programmable annealing device by D-Wave Systems Inc.
[13, 14].
Although the niobium SQUIDs which are the basic
building blocks of the D-Wave annealer display limited
coherence, it has been used to demonstrate that quantum
tunnelling is an exploitable resource in a computational
setting [15]. Furthermore the development of anneal-
ers using aluminium SQUIDs with orders-of-magnitude
longer coherence lifetimes [16] may enable further im-
provements in the computational performance of future
quantum annealers.
Mapping real world problems, or indeed problems with
a similar difficulty to interesting real world problems, to
a programmable annealer is a major practical challenge
[17, 18]. It is known for example that even though finding
the ground state of the native so-called Chimera graph
of the D-Wave device is NP-hard, typical randomly gen-
erated instances on this graph are actually easy to solve
by simulated annealing type algorithms [19]. Because
it is non-planar, minor embedding can be used to map
a fully connected graph to the Chimera, although at a
significant overhead [7, 20].
The NP-completeness of finding the ground state of
an arbitrary (2-body) Ising spin glass and therefore a
Chimera graph guarantees that any NP-complete prob-
lem can be mapped to finding the ground state of a
Hamiltonian which is a subgraph of a Chimera with poly-
nomial overhead. For examples of how this can be done
in practice, see [21–24]. However, there is no indication
that this approach is optimal. For problems which re-
quire higher order interactions a mapping must be found
from a Higher Order Binary Optimization (HOBO) to a
Quadratic Unconstrained Binary Optimization problem
(QUBO) [22]. Typically this is done iteratively, with an
N-body interaction being reduced to a 2-body interaction
using a complete graph on N logical bits and (N −2) an-
cilla bits [25]. This necessitates (N−1)(2N−3) two-body
couplers.
In this letter, and a related work [1] we examine an
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2alternative architecture, in which higher order problems
can be expressed natively by coupling logical qubits to
a group of ancillae. This letter focuses on native cir-
cuit implementations of this architecture, while [1] ex-
amines how the same principles can be applied within
the Chimera architecture.
Implementing a single logical clause using the methods
of [21, 22], would require the construction of a penalty
function (up to an unimportant energy offset) on a set
of logical qubits, where the penalty is 0 if the clause is
satisfied and greater than or equal to a penalty weight
g if the clause is violated. In the ideal case g should be
infinite, but in practice its maximal value is limited by
the hardware.
This function gives a generally different penalty to all
“wrong” answers (i.e. the ones which violate the clause).
Hence the ground state of sums of more than one of these
penalty functions (i.e. a sum of multiple penalty func-
tions on overlapping subsets of bits) is meaningful if there
exists a solution which violates zero or only one of the
clauses. In the 3-SAT example in [21], this kind of super-
position is acceptable because the problem is cast as a
decision problem of whether a state exists which satisfies
all of the penalties. However under a simple generaliza-
tion of the problem to max-3-SAT, where we ask what
is the choice which violates the least number of the con-
straints, this kind of superposition no longer yields a valid
expression of the problem.
Our proposal on the other hand is to construct a
function which reproduces the spectrum of a high or-
der penalty term, which is equal to zero if the clause is
satisfied and exactly equal to the penalty weight g if the
clause is violated. Because all states which violate the
clause are penalized equally, the ground state of a sum
of an arbitrary number of such terms will in fact be the
state which violates the smallest number of clauses, re-
gardless of how many can be simultaneously satisfied. In
general it may also be interesting to penalize different
violations differently, (i.e. weighted max-k-SAT) but in
a controlled way; our method also supports this.
As an example of how these techniques can be used, we
explicitly show how to construct superconducting circuits
which realize the fully connected architecture recently
proposed in [27] as an alternative to the Chimera graph
with minor embedding. We show that this architecture
allows us an additional freedom in choosing the annealing
path which is not a feature in the current D-Wave device
architecture. While a recent numerical study [28] has cast
doubt on whether this method of embedding problems
will perform better than the method proposed in [20],
it does still have some novel features such as a greater
richness of potential decoding methods.
For simplicity, and because it is what is required for
the architecture in [27], we will restrict ourselves to dis-
cussing how to reproduce the classical spectrum of multi-
body operators of the form HN = JNσz1 . . . σzN . Such
Logical qubit states Ancilla state E
↑↑↑↑ ↓↓↓↓ +J4
↓↑↑↑, ↑↓↑↑, ↑↑↓↑, ↑↑↑↓ ↑↓↓↓ −J4
↓↓↑↑, ↓↑↓↑, ↓↑↑↓, ↑↓↓↑, ↑↓↑↓↑, ↑↑↓↓ ↑↑↓↓ +J4
↑↓↓↓, ↓↑↓↓, ↓↓↑↓, ↓↓↓↑ ↑↑↑↓ −J4
↓↓↓↓ ↑↑↑↑ +J4
TABLE I: Illustration of the various states of the 4-body term
H4 = J4σz1σz2σz3σz4 . Shown are the states of the logical qubits,
the minimum energy states of the ancillae and the total en-
ergy.
multi-body terms are important for many applications.
For example, it is known that spin glasses undergo a tran-
sition in complexity when moving from 2-body couplings
to multi-body terms of order 3 and higher [29–31]. In this
transition the number of extrema of the energy landscape
growths from a polynomial to an exponential function in
the number of spins, where at the same time a banded
structure in energy appears for saddle points of various
orders [30]. The latter has various implications for exam-
ple for energy landscapes of deep neural networks which
are related to spin glasses and where the order of the
multi-body term of the spin glass is given by the depth
of the network [32, 33]. This transition is in terms of the
typical energy landscape structure. The fact that the 2-
local Ising model is universal in the sense of being able to
simulate classical Hamiltonians [34] means that it could
mimic the landscape of any Hamiltonian.
RESULTS
As discussed above, in many foreseeable applications
for adiabatic quantum computation, one needs imple-
mentations of interactions with multi-body terms. These
interactions are of the type
HN = JNσz1 . . . σzN . (1)
However, the architecture used in quantum annealing
devices generally only allows for two-body interactions,
leading to Hamiltonians of the form
H =
∑
i∼j
Jijσ
z
i σ
z
j +
∑
i
hiσ
z
i (2)
where the first sum is taken over all adjacent qubits in
the connectivity graph of the architecture.
We now describe a construction which reproduces the
low-energy spectrum of (1) using a Hamiltonian with
two-body interactions of the form of (2) including ad-
ditional ancilla qubits. This is first done on a theoretical
level. In the next section we present an efficient circuit
design of this construction.
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FIG. 1: Graph showing the connectivity of the Hamilto-
nian (3) for N = 4. The green vertices represent the logical
qubits while the red vertices represent the ancillas. The logi-
cal qubits are fully connected amongst themselves with two-
body couplings, represented as edges, of strength J (black).
Each ancilla is connected to every logical qubit with two-body
couplings of strength Ja (blue).
The Hamiltonian which reproduces the spectrum of the
N -body term in (1) constitutes N logical qubits which
are fully connected and an additional N ancilla qubits
which are connected to all logical qubits but not amongst
each other. This is illustrated in Figure 1 for the case of
N = 4. The reason behind this construction will become
apparent below. However, we can already deduce that if
this construction is to reproduce the low energy spectrum
of (1), then by symmetry the logical qubits must all have
equal magnetic fields, h, as well as equal two-body cou-
plings, J , amongst each other. The same is true for the
two-body couplings between the logical qubits and the
ancillas, here denoted by Ja. This leads to the following
Hamiltonian
H(2)N = J
N∑
i=2
i−1∑
j=1
σzi σ
z
j + h
N∑
i=1
σzi +
+Ja
N∑
i=1
N∑
j=1
σzi σ
z
j,a +
N∑
i=1
hai σ
z
i,a. (3)
This construction relies on symmetry to effectively
count the number of logical bits in the up orientation.
By symmetry, the effect of the logical bits on the ancillas
only depends on the number of logical bits in this ori-
entation and not on their arrangement. What is left to
do is to pick ancilla fields such that they have a differ-
ent unique ground state configuration depending on this
number, and that the energy of each of these configura-
tions is the same. Once this is accomplished, the coupling
can be realized by adding additional fields to the ancillas
which we will denote by qi 6=0 . The condition that each
number of logical bits in the up orientation corresponds
to a single ancilla configuration can be accomplished (as-
suming Ja > 0) by choosing hai = −Ja(2i−N) + qi with
0 < qi < Ja. The yet to be defined term qi determines an
effective energy landscape depending only on the number
of logical bits which are up. To match the energy land-
scape of (1), one should choose
J = Ja, h = −Ja + q0
qi =
{
+JN + q0 N − i is odd,
−JN + q0 N − i is even,
(4)
with any q0 which satisfies |JN |  q0 < Ja and |JN | 
Ja−q0 < Ja. The Hamiltonian (3) with coupling assign-
ments (4), up to an overall constant energy offset, pre-
cisely reproduces the low energy spectrum of the Hamil-
tonian (1). For more details on this construction, see
appendix 1. This is assured for the part of the spec-
trum with |HN |  Ja. Once |HN | ∼ Ja the ancillae
will no longer be in their corresponding ground state and
the construction breaks down. Thus the range of the
spectrum which can be reproduced using the above con-
struction depends on the maximal coupling strength of
the quantum annealing device in question. Note that the
strongest field which needs to be applied for a coupler on
N spins is haN ≈ NJa − q0.
If one only cares that the ground state is correct,
and does not want to sample over a thermal distribu-
tion, than the conditions on the strength of |JN | which
can be supported can be relaxed to |JN | < q0 < Ja
and |JN | < Ja − q0 < Ja. In the case where ther-
mal sampling is desired, exactly how much less than
min(Ja − q0, q0) |JN | has to be depends on both the
temperature of the sampling and the accuracy desired.
The probability of a coupler having its ancillae in an ex-
cited state will in this case be roughly proportional to
exp(−min(Ja − q0, q0)/T ).
The above construction can be used for example to mi-
nor embed multi-body terms in already existing architec-
tures such as the one produced by D-wave Systems Inc,
as we show in a related work on message decoding prob-
lems on the D-wave device [1]. In this case the fully con-
nected graph shown in Figure 1 must be obtained from
a minor embedding [20] in the Chimera graph. This is
done using strong minor embedding couplings of strength
Jm to “identify” qubits. This introduces a third en-
ergy scale into the problem and one must ensure that
|JN |  Ja  Jm.
Circuit for implementing of multi-body interactions –
In the previous section we presented an implementation
which reproduces the low energy spectrum of multi-body
terms using a system which only has two-body interac-
tions. While it is possible to use minor embedding tech-
niques to implement the above construction in already
existing architectures such as D-wave, it can be used to
design a purpose-built circuit for multi-body terms. As
we will show below, the fact that both logical qubits as
well as ancillae have all couplings of the same strength
permits a very efficient circuit implementation.
In particular, in this section we present a circuit imple-
4FIG. 2: Drawing of the circuit which implements the low
energy spectrum of a 4-body coupler. The 4-logical qubits
appear as the 4 (green) circuits on the perimeter, with a
large loop (grey) coupling them together. Further in is a
set of 4 ancilla qubits (red), which in turn themselves are
coupled by an inner most loop (grey), which counteract the
couplings induced from the outer loop. Note that the qubits
are compound-compound Josephson junction circuits, while
the couplers are simply compound.
mentation of a unit cell consisting of four logical qubits
coupled through a 4-body interaction. In the following
section we then show how to use the unit cell to build a
scalable architecture.
To implement the fully connected graph between the
logical qubits as well as the coupling between the logical
qubits and the ancillae, we first inductively couple all
of the qubits, both logical and ancilla, to a large loop.
We demonstrate later that this arrangement produces the
desired graph up to the relevant order in perturbation
theory. This loop is the outer loop in Figure 2. This
coupler however also produces unwanted coupling terms
between the ancillae. To cancel these off, we must add
an additional loop( the inner loop in Figure 2) which can
be biased with equal magnitude and opposite sign as the
outer coupling loop to cancel the undesirable coupling
between the ancillas.
The circuit design shown in Figure 2 requires that more
than two qubits can be coupled using the same rf-SQUID
coupler design as presented in [35]. We demonstrate that
to the same relevant order as used in the expansion in
that paper, a group of qubits all inductively coupled
to the same superconducting circuit realizes a fully con-
nected 2-body graph of couplers between all of the qubits.
Following [35], the energy for such a circuit with a cou-
pler c and n qubits including Josephson and magnetic
terms is
U = −Ec cosφc −
n∑
i=1
Ei cosφi +
+
1
8e2
(~φ− ~φx)TL−1(~φ− ~φx) (5)
where ~φ is a vector of the junction phases, ~φx is the phase
introduced by an external flux. The inductance matrix
L is given by,
L =

Lc −M1c −M2c · · ·
−M1c L1 0 · · ·
−M2c 0 L2 . . .
...
...
. . .
. . .
 . (6)
This expression can easily be inverted to obtain the
term L−1 in the above expression up to O(M2). Follow-
ing [35], we choose the bias fluxes such that,
~φx =

φxc
pi + (M1c/L1)(φ
(0)
c − φxc )
pi + (M2c/L2)(φ
(0)
c − φxc )
...
 , (7)
where φ
(0)
c is the phase difference of the coupler due to
its self induced flux, as explained in [35]. It is now worth
noting that if we choose any pair of qubits i 6= j and
separate out only terms in (5) which contain φi and/or
φj , these equations will be identical to those found in [35].
These equations can therefore be solved independently in
exactly the same way as that paper did resulting in,
U = const+
n−1∑
i=1
n∑
j>1
MicMjcF (φ
x
c )
4e2LcLiLj
(φ
(0)
i − pi)(φ(0)j − pi),
(8)
which is exactly the formula of a set of couplings realizing
a fully connected graph between all of the qubits. These
couplings are collectively tuneable through the function
F (φxc ) whose exact form is not important for our pur-
poses, but is identical to the one found in [35]. They can-
not however be addressed individually. For our design we
desire all L1 = L2 = ... = L and M1c = M2c = ... = M .
However, as we will show, it is possible to tune for some
types of imperfections in these values in for a real device.
Effect of higher order mutual inductance terms While
our calculations to demonstrate that this device will
work are based on truncation of the potential energy
at O(M2), in real devices one may want to make the
coupling strong enough that these terms are not com-
pletely negligible. Fortunately, due to the high symme-
try of our construction, spurious coupling between the
logical qubits, or the ancillas, or combinations of the
5two must be symmetric under permutations of the logical
bits, which is the exact same symmetry as the effective
coupling which the device realizes. Moreover, the effect
of non-linear coupling from higher orders in M being in-
cluded is effectively fixed with respect to the fields which
are used to control the effective multi-body coupling, so
a calibration at one coupling value will remain valid even
if a different Hamiltonian is implemented. In a real de-
vice the effects of these spurious couplings need only to
be measured once with appropriate compensating fields
then applied.
Because, for Ja > 0 the logical states will all have the
same energy, no compensation fields are necessary to deal
with higher order (in M/L) terms arising from the outer
coupling loop. The same cannot be said for the inner
coupling loop however.
We now make the qualitative discussion in the previ-
ous two parargraphs quantitaitive by examining the effect
of order M3 terms on the four local gadget numerically.
We will restrict ourselves to discussion of terms involv-
ing three distinct mutual inductances, based on the fact
that terms associated with (Mic)
2Mjc will come in as
one and two body terms because they only involve in-
teractions between qubit pairs which can easilty be com-
pensated. The remaining term will be proportional to
E(3)
∑
i 6=j 6=k σ
z
i σ
z
jσ
z
k, where |E(3)| ∝ M3 is the energy
scale associated with three body terms. We now deter-
mine how strong such terms can be without causing the
coupler to fail. We define failure as the case when a ’spu-
rious’ state (i.e. one in which the total magnetization of
the logical and ancilla qubits is not zero) has a lower en-
ergy than the highest energy non-spurious state. Assum-
ing that E(3) and the energy scale associated with the two
body terms E(2) have the same sign, through numerical
matrix analysis, we find that these higher order terms
can be tolerated as long as |E(3)
E(2)
| . 8.33% if Ja > 0,
|JN | = 0.25 Ja and |q0| = 0.5 Ja, or |E(3)E(2) | . 16.7% if|JN |  Ja. If the system can somehow be engineered
such that E
(3)
E(2)
< 0, than this number jumps to 37.5% in
the case where |JN | = 0.25 Ja and 50% if |JN |  Ja. In
either case, the numerical values that we have extracted
demonstrate that even if the terms at the next highest
perturbative order are non-negligible, or in fact relatively
strong, they can be removed by applying compensating
fields.
Robustness to process variability of mutual inductance
Our realization of a multi-qubit fully connected effective
2-body graph is based on an experimentally proven de-
sign for a single coupler [35]. For this reason many of the
design problems have already been solved [36]. One issue
which will affect our design differently is mismatches in
the inductive couplings between the qubits and the loops.
For a single coupler between two qubits it is not impor-
tant for the mutual inductances to be matched since the
coupling strength is simply proportional to a product of
the mutual inductances between the two qubits and the
coupler. For our designs on the other hand, mismatches
in the mutual inductances on the outer coupling loop will
lead to different coupling strengths which can be viewed
as effective spurious couplings between the logical bits
and/or ancillae.
Let us first consider the effect of mismatches in mutual
inductances involving the ancilla qubits. The effect of
these will be twofold. Firstly, mismatched inductances
will lead to imperfect cancellation of the couplings be-
tween the ancillae. If these spurious couplings are weak,
they will not affect which ancillae are flipped, and just
add a predictable (i.e. independent of which exact logical
bits are up) energy penalty in exactly the same way as
the ancilla fields which are used to enforce the effective
couplers. Secondly, mismatches in these couplings will
mean that the couplings between each ancilla and the
logical qubits will be different (although identical for a
given ancilla). Again, if the mismatches are small these
can be corrected for with a slight modification to the
ancilla fields.
We have shown above that small mismatches in the
mutual inductances between the ancilla and the coupling
loops are rather benign and can be easily corrected for.
Let us now consider mismatches in the inductances be-
tween the logical bits and the outer coupling loops. These
will lead firstly to effective couplings between logical bits
and secondly to mismatches in the couplings between log-
ical bits and ancillae. The former will introduce a term
of the form
∑
i
∆Mi
Mi
Ja σzi
∑
j 6=i σ
z
j while the second of
these terms will be of the form
∑
i
∆Mi
Mi
Ja σzi
∑
j σ
z
j,a.
If we assume that the mismatches in the mutual in-
ductances are small enough that they do not change
the order in which the ancillae flip, then the ancillae
states just represent a count of the logical spins which
are up and the second of these terms can be written as
−∑i ∆MiMi Ja sgn(Ja)σzi (∑j 6=i σzj,a + σzi ). Therefore, as
long as Ja > 0, the effect of such mismatches will only
be to introduce an irrelevant constant energy offset. We
can therefore conclude that if the coupling JN is anti-
ferromagnetic, then via adjustment of the local fields on
the ancillae, all mutual inductance mismatches below a
certain threshold can be corrected for with existing con-
trols.
This correction threshold is the point at which the or-
der which the ancillae flip deviates from the case where
the inductances are all matched. While finding the ex-
act value of mutual inductance mismatches at which this
happens depends on the specific errors in a detailed way,
we can make simple arguments to find lower bounds for
this threshold. We first note that the maximum en-
ergy shift of any state caused by a mispecification on
the mutual inductance between an ancilla and the inner
loop cannot be more than
∆Minnera,i
Minnera,i
Ja (N − 1). Similarly
for coupling with the outer loop, the energy shift can-
6not be more than
∆M(a),i
Minner
(a),i
Ja (2N − 1). In addition to
these shifts, the spectrum will be modified by correction
terms which must be added to the Hamiltonian. Each
of these corrections must also be smaller than the max-
imum energy shift. Furthermore, due to symmetry, all
logical states are affected in the same way by any mis-
match involving the outer coupling loop, therefore only
mismatches on the inner loop will require corrective mod-
ification of the fields. By summing up all possible shifts
and corrections, and comparing to the minimum energy
difference between a state where the ancillae correctly
map the configuration of the logical spins and states
where they do not, we conclude that mutual inductance
mismatches will certainly be correctable as long as
min(||Ja| − q0| − |JN |, |q0| − |JN |) >
max({
∣∣∣∣∆MM
∣∣∣∣}) |Ja| (2N (N − 1) + 2N (2N − 1)). (9)
Where {∣∣∆MM ∣∣} indicates the set of all mutual inductance
mismatches. While simple, this bound is not necessarily
tight- there may be many cases where this bound is not
met, and yet it is still feasible to correct for inductance
mismatches. This Nevertheless demonstrates that for the
four local device, errors of at least
∣∣∆M
M
∣∣ . 0.63% can be
tolerated if we choose |q0| = 12 |Ja| and |JN |  Ja.
As Fig. 3 illustrates, this bound is overly pessimistic.
This figure shows the modelled yield rate as a function of
the normalized standard deviation in mutual inductance
between the coupling loops and the qubits and ancillae
for a four-body coupler circuit with |q0| = 0.5 |Ja|. Here
yield is defined as the fraction of modelled circuits for
which correction by tuning of the ancilla local fields al-
lows the implementation of Hamiltonian (1) to be suc-
cessfully implemented. Failure in this case is defined as a
spurious state (i.e. one in which the total magnetisation
is non-zero, see Table 1) occurring at lower energy than
any non-spurious state. We assume that mutual induc-
tance errors follow independent Gaussian distributions.
We find that for |JN |  Ja, the circuit will almost al-
ways be correctable even if the standard deviation in M
is as large as around 5%. For |JN | = 0.25 Ja, it will al-
most always work if the standard deviation in M is as
large as around 2.5%. Of all 10, 000 instances of mis-
match rates tested, the lowest values of σMM where failure
was observed (i.e. a spurious state had a lower energy
than a non-spurious state) were 0.0420 for |JN |  Ja
and 0.0193 for |JN | = 0.25 Ja.
In practice the largest source of uncertainty in the mu-
tual inductance occurs at the design stage since finite
element methods typically are accurate to around 10%.
Fabrication of test structures enable this uncertainty to
be corrected to around 1% [37]. Furthermore if neces-
sary the mutual inductance can be adaptively corrected
by applying a flux to a SQUID loop between the qubits
or ancillae on one hand and the coupling loops on the
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FIG. 3: Yield rates for four local coupler circuits with |q0| =
1
2
|Ja| versus deviation of M , σMM . The blue curve is for |JN | 
Ja while the brown is for |JN | = 0.25 Ja.
other, following the approach of [36].
The requirements on the ancilla are much less strict
than those on the logical qubits. They do not need to
be read out at the end of the annealing run. Further-
more, there is no reason to which the ancillae need to be
run on the same annealing schedule as the logical qubits.
This presents a significant advantage in that the anneal-
ing schedule in this architecture naturally breaks down
into a path in a space defined by two parameters. Adjust-
ing the annealing parameter (i.e. the ratio between the
longitudinal and transverse fields) on the ancillas adjusts
how strongly the multi-body constraints are enforced.
The annealing parameter on the logical bits on the other
hand acts analogously to the way it does in the standard
2-body transverse field Ising model.
This natural breakdown into two independent anneal-
ing parameters allows for several interesting possibilities.
For one this provides a natural testbed for an optimizable
annealing schedule. Secondly, by introducing a control
element which acts non-deterministically, a device could
be designed which anneals on a different schedule each
run. If a pathological region (for example one with a
very small gap) exists in the annealing trajectory space,
such a protocol may be able to avoid this region dur-
ing some of the runs, thereby increasing the robustness
of the annealing algorithm. A quantitative analysis of
such two-parameter annealing schedules goes beyond the
scope of this paper and would be a rich area for further
analysis.
The techniques we propose here could be used to con-
struct an effective three local coupler with three ancillae.
This can be done more efficiently however using a gadget
proposed independently in [1, 2] which also has symmetry
under permutation of the logical bits. Because the cir-
cuit implementation of this simpler design for three bit
couplers only differs slightly from the general design, we
reserve discussion of this to section 2 of the supplemental
material.
Applications to construct a scalable architecture – We
now show how our above circuit design can be used to
7(a)
(b)
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FIG. 4: (a) Schematically illustration of the embedding tech-
nique proposed in [27]. Shown is an embedding for M = 3
logical qubits whose interactions are mapped onto K = 6
physical qubits (green circles). Besides the six physical qubits
encoding the interactions, there are an additional two physical
qubits which enforce the boundary condition. The physical
qubits are coupled using four-body interactions as illustrated
by the plaquette (red squares). (b) A physical circuit imple-
mentation of the above embedding using our circuit design of
a four-body term as presented in the previous section. The
four qubits surrounding the four-body circuit are extended
to couple to neighboring four-body circuits. This presents a
concrete circuit design for a scalable quantum annealing ar-
chitecture using superconducting qubits.
construct a scalable architecture using a recently pro-
posed embedding techniques [27] which maps M logical
qubits with full connectivity toK = M(M−1)/2 physical
qubits which have 4-body nearest neighbour interactions
(see Figure 4 (a)). More concretely, in [27] a model with
2-body interactions but arbitrary connectivity is consid-
ered
H =
M∑
i=1
∑
j<i
Jijσ
z
i σ
z
j , (10)
where qubits are on a fully connected graph and we have
left out the magnetic fields for simplicity. We see that we
have M(M − 1)/2 degrees of freedom in the assignment
of the couplings Jij . In the embedding proposed in [27]
the system is mapped to a system with K = M(M−1)/2
physical qubits σ˜zi arranged in a pattern as shown in Fig-
ure 4 (a), where the K original couplings Jij map on the
K magnetic fields b˜i of the physical qubits. The origi-
nal qubits are associated with M four-body interactions,
shown as plaquette in Figure 4 (a). The resulting Hamil-
tonian is
H =
K∑
i=1
b˜iσ˜
z
i − C
∑
(i,j,k,l)∈plaquettes
σ˜zi σ˜
z
j σ˜
z
kσ˜
z
l (11)
In Figure 4 (b) we illustrate how such an architecture can
be physically implemented using our circuit design of a
four-body term. The resulting architecture is scalable in
the sense that adding a new logical qubit simply amounts
to adding a new row at the bottom. The final row is also
used for readout of the values of the logical qubits as
explained in [27].
Combining the embedding proposed in [27] with the
circuit design for four-body interactions between rf-
SQUIDs as described in the previous sections provides
a concrete implementation for a scalable architecture al-
lowing for two-body interactions of arbitrary connectiv-
ity. Interactions between rf-SQUIDs are mediated by the
simple circuit design described above which involves at
maximum couplings between five loops.
One major concern with rf-SQUID systems is the pres-
ence of noise which couples inductively into the system.
The primary goal of the architecture proposed in [27], is
not to reduce such noise, but rather to provide an alter-
native method of embedding problems to the traditional
minor embedding approach [7, 20]. Fortunately however,
most improvements in fabrication and other techniques
which would benefit devices with architectures which re-
quire minor embedding to map highly connected graphs
would also benefit systems where problems are embedded
using the methods of [27].
Whether a circuit implementation using the architec-
ture proposed here is more or less noisy than ones using
other rf-SQUID architectures is likely to depend on de-
tails of the physical implementation. In particular, in
designing the value of the circulating current in the rf
SQUID qubit annealer there is a trade-off between cou-
pling and coherence. Smaller values of circulating current
lead to longer coherence lifetimes (due to the lower flux
noise) and will require higher values of qubit-coupler mu-
tual inductance which will in turn be less susceptible to
process variability. One advantage of our method how-
ever is that all of the qubit circuits are planar, which may
lead to a relatively simpler fabrication process, and there-
fore more flexibility in terms of making modifications to
reduce noise.
METHODS
Calculations were first performed by hand and then
verified by a simple Matlab scripts containing less than
8150 lines of code in total, including subroutines. For
the yield calculations, we generated error Hamiltoni-
ans Herror with independent Gaussianly distributed cou-
plings corresponding to mis-specifications of each mu-
tual inductance. We then examined the eigenstates of
Htot = HCoupler +
σM
M Herror and found the value of
σM
M
where spurious state energies crossed logical state ener-
gies. Note that this techniques ignores higher order inter-
action terms from these mismatches, which would have
an effect of order (σMM )
2. A similar technique is used to
calculate the strength of higher order terms which can be
compensated. While our code could be quickly and easily
reproduced by anyone with basic proficiency in program-
ming, it is also available from the authors upon request.
DISCUSSION
Overcoming the physical limitations on connectivity
and multi-body interactions of the underlying Ising spin
system in hardware implementations of quantum anneal-
ing devices is a major challenge. In this work we present
a method of effectively implementing a Hamiltonian with
multi-body terms by reproducing its low energy spectrum
using a Hamiltonian which only involves two-body inter-
actions and a number of ancilla qubits. While this con-
struction can be used as a minor-embedding technique
for existing quantum annealing architectures (as we ex-
plore in a related work [1]), the major result of this work
is an efficient circuit design of the construction using su-
perconducting flux qubits as well as calculations which
demonstrate that this circuit is robust to realistic design
imperfections. Having the possibility of inductively cou-
pling a number of qubits with all-to-all couplings of equal
strength using a single coupling loop enables us to imple-
ment the multi-body terms using a very efficient circuit
design. In the last section we show concretely how this
circuit can be used as a unit cell for a scalable architec-
ture using a recent embedding technique [27] which en-
codes logical qubits of arbitrary connectivity using physi-
cal qubits with nearest-neighbour four-body interactions.
As a final remark, let us mention that here we have
focused on circuit based implementations of multi-body
terms in the z-basis, i.e. σz1 . . . σ
z
N . This is natural,
since the optimization problem is encoded in the z-basis.
However, one can in principle also consider similar con-
structions in the basis of the transverse magnetic field,
i.e σx1 . . . σ
x
N , thereby enabling implementation of non-
stoquastic Hamiltonians [38] involving multi-body terms.
We leave such an analysis for future work.
Note added – After a preprint of this letter appeared
on arXiv, a related paper [2] was released which proposes
an implementation of multi-body terms using Transmon
qubits. Further, a revision of [40] was released which
added an abstract construction of multi-body terms us-
ing a chaining of 3-body terms. While no physical im-
plementation is discussed in this paper, the abstract for-
malism relates to that of [2] and could be implemented
in a similar manner.
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APPENDIX 1: CONSTRUCTION OF THE
HAMILTONIAN
In this appendix we explain in a detailed way how our
construction works, including discussion about how we
arrived at it. We will first discuss the role which sym-
metry plays in our design. We will then explain how
this symmetry can be exploited to construct a Hamilto-
nian in which the ancillae ‘count’ the number of logical
spins in the up configuration. For this construction, we
first discuss how to construct a combination of couplers
and fields for which the ground state orientation of each
ancilla flips when a given number of logical bits are in
the up orientation. The counting is achieved by adding
a number of such ancillae equal to the number of log-
ical spins. Following this construction we explain how
additional terms can be added to construct a ‘neutral’
Hamiltonian, in which the lowest energy state given a
fixed configuration of the logical bits will always have the
same energy. Finally, we explain how additional biases
can be added to the ancillas to transform this neutral
Hamiltonian into the coupler defined in Eq. (1) of the
main document.
Symmetry The first thing to note about the Hamil-
tonian in Eq. (3) of the main document is that it is sym-
metric under permutation of any of the logical qubits.
This symmetry guarantees that the total energy depends
only on the number of logical bits in the ‘up’ orienta-
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FIG. 5: Single ancilla coupled to all logical qubits equally.
tion and not on their arrangement. This permutation
symmetry is also shared by the coupler Hamiltonian, Eq.
(1) of the main document. In fact, as discussed in [1] our
construction here can be easily generalized to any Hamil-
tonian with this symmetry. There is another more subtle
result of this symmetry as well: the ground state con-
figuration of the ancillae must also only depend on the
number which are ‘up’ rather than their configuration.
Counting What we want to do is to produce a Hamil-
tonian for which the ground state ancilla configurations
‘count’ the number logical bits which are in the ‘up’ orien-
tation. More precisely what we mean by this is that there
is a unique state of the ancillae which is both the same
for all arrangements of the logical bits and which is dis-
tinct for each number of logical bits which are ‘up’. The
first of these requirements is automatically guaranteed
by symmetry. The second of these needs to be achieved
more carefully.
Since the ancillae are not directly mutually coupled,
we can consider each ancilla separately as shown in Fig.
5. In addition, until later in the analysis, we set the the
local fields on each of the logical qubits to zero. There are
two ways in which the ancilla state can affect the total
energy: firstly through its coupling to the logical bits
(which must all be identical by symmetry) and secondly
through its own local field hai . For simplicity, and because
it will be desirable in our circuit design, we set all the
ancilla-logical qubit couplers to be equal to Ja.
The energy of this system is Ea,i = σ
z
i,a(JaNup + h
a
i ),
where Nup is the number of logical bits in the ‘up’ orien-
tation. From this observation, we notice that the ground
state orientation of the ancilla will flip when JaNup + h
a
i
changes sign. Therefore if we desire to have an ancilla
flip when N ′up logical bits are up, then we must choose
−Ja(N ′up − 1) > hai > −JaN ′up. Therefore, a set of
N ancillas, each fulfilling this condition for a different
0 ≤ N ′up ≤ N will ‘count’ the number of logical up
spins in the sense that the number of ancillae which
are down will match the number of logical bits which
are up, and that the ancillae will flip in a set order.
More specifically we set each of these ancilla fields to
hai = −Ja(2i − N) + q0, where 0 < q0 < Ja is a free
parameter.
Neutral Hamiltonian We will later add a bias to this
to implement the coupler Hamiltonian, but first we want
to construct a ‘neutral’ Hamiltonian, where the total en-
ergy with the ancillae in the ground state is the same
for all logical bit configurations. We now consider the
complete coupler Hamiltonian from Fig. 1 of the main
document and described by Eq. (3) of the main docu-
ment. The four separate terms of Eq. (3) of the main
document can be re-expressed in terms of Nup using the
following relationships
N∑
i=1
σzi = 2Nup −N, (12)
N∑
i=2
i−1∑
j=1
σzi σ
z
j =
1
2
(2Nup −N)2 − 1
2
N, (13)
N∑
i=1
N∑
j=1
σzi σ
z
j,a = −(2Nup −N)2 − 2Nup, (14)∑
i
hiσ
z
i = Ja(−2N2up + 2NNup + 2Nup −N)−
−q0 (2Nup −N), (15)
Hence Eq. (3) of the main document becomes
H(2)N = hν + J(
1
2
ν2 − 1
2
N) +
+Ja (−1
2
ν2 + ν − 1
2
N2 −N)− q0ν, (16)
where we have defined ν = 2Nup − N for compactness.
From this formula, it is clear that, when the ancillae are
in the ground state, the energy wil be intependent of
the number of logical up spins if we choose J = Ja and
h = −Ja + q0.
Coupler Biasing The final step in producing a coupler
is to bias the ancillae such that the states where Nup is
odd have different energies than those for which Nup is
even. This step is simply accomplished by adding an
alternating bias as illustrated in Eq. (4) of the main
document. This bias must be weak enough to not change
the ground state configuration of the ancillae, meaning
that |JN | < q0 < Ja and |JN | < (Ja − q0) < Ja.
APPENDIX 2: SPECIALIZED 3-LOCAL DESIGN
While the methods we propose can produce three-local
coupling using three ancillae the gadget proposed inde-
pendently in [1, 2] is more efficient in that it requires only
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FIG. 6: Shown is the circuit to implement of the more effi-
cient Hamiltonian for N = 3, as given in (17). The coupling
loop couples to the logical qubits and the ancilla with different
strengths, namely J and 2J respectively.
a single ancilla. This gadget has symmetry with respect
to permutations of the logical bits as the general N-local
one we propose here, and also has all logical bits cou-
pled to the ancilla. As we demonstrate, this means that
we can take advantage of the same circuit design tricks.
Before discussing the circuit design, let us first briefly
introduce the more efficient three local gadget.
As discussed previously, this Hamiltonian has the same
structure as our N-local gadget, but with only a single
ancilla, its Hamiltonian takes the form,
H(2)3 = J
3∑
i=1
i−1∑
j=1
σzi σ
z
j + h
3∑
i=1
σzi +
+Ja
3∑
i=1
σzi σ
z
a + haσ
z
a. (17)
To reproduce the spectrum of a three local coupler,
one then chooses h = JN , Ja = 2J > h, and ha = 2h. To
perform sampling tasks, one must choose 2J  g.
Because this Hamiltonian only has a single ancilla,
there is no requirement to remove coupling between the
ancillae. However, there is an additional complication
which we did not have previously, Ja 6= J . However,
such coupling can easily be implemented with a single
loop which couples all of the logical qubits, and the an-
cilla, but with the mutual inductance between the ancilla
and this loop twice as strong as all of the others, by Eq.
(5) of the main document the coupling to the ancilla will
only be half as strong. This circuit is depicted in Fig. 6
This three local circuit design has many potential ap-
plications, for one it can be used to construct an alterna-
tive version of the coupling scheme proposed in [2], but
based on flux qubits rather than transmons.
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